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Abstract

The behavior of hypercycle spirals in a two-dimensional
cellular automaton model is analyzed. Each of these
spirals can be approximated by an Archimedean spiral
and the center, width, and phaseof the hypercyclespiral
change according to Brownian motion. A barrier exists
betweentwo spirals if the phasesynchronization hypoth-
esis is taken into account, and the occurrence rate of
pair decay (the simultaneous disappearanceof two spi-
rals) can be explained by the random walk simulation
with the barrier. Adjacent speciesviolation is shown to
be a necessarycondition for creating new spirals. A hy-
percycle system can liv e long if the spirals in the system
are somewhat unstable, sincenew spirals cannot emerge
when existing spirals are too stable.

In tro duction

A hypercycle, as intro duced by Eigen (Eigen 1971) in
1971, is a system that consists of a number of self-
replicative molecular speciesthat are linked cyclically by
catalysis (Fig. 1). The idea of the hypercycle is impor-
tant in the study of pre-biotic evolution becauseit may
explain how molecular specieshaving a small number of
moleculescan evolve into an entit y with a great amount
of geneticinformation. SinceEigen's initial work, hyper-
cycles have been experimentally and theoretically veri-
�ed (Gebinoga 1995). In particular, the stabilit y of hy-
percycleshas been extensively studied in terms of non-
linear ordinary di�eren tial equations (ODE) (Eigen &
Schuster 1979;Hofbauer & Sigmund 1988). The results
from ODEs have indicated that hypercyclesare not al-
ways stable systems;they tend to be vulnerable to par-
asites. ODEs, however, do not take into account any
spatial e�ects among molecules.

In 1991,Boerlijst and Hogeweg (Boerlijst & Hogeweg
1991; 1992) were the �rst to show the spatial dynam-
ics caused by hypercyclic interactions; \spiral waves"
emerged in their cellular automaton (CA) model and,
interestingly, the spirals made the hypercyclesresistant
to parasites. In 1995, Cronhjort and Blomberg (Cron-
hjort & Blomberg 1996)considereda more realistic case,
i.e., the maximum concentration (c0) of all moleculesis

limited (growth limitation), and reported that hypercy-
cles with a few components, which do not exhibit spi-
ral waves but homogeneousclusters, are also resistant
to parasites. In 1995, Vespalcova et al. (Vespalcova,
Holden, & Brindley 1995) intro duced inhibitory connec-
tions into the hypercyclestructure and found that, under
somecircumstances,theseconnectionsenhancethe resis-
tance to parasites. In 1998, Altmeyer et al. (Altmey er,
Wilk e,& Martinetz 1998)reported that hypercycleinter-
actions generaterotating screwsand corn-like structures
in their three-dimensionalCA model.

As mentioned above, previous works have mainly fo-
cusedon how hypercycle systemscan coexist with par-
asites. In contrast, this paper focuseson a more basic
question: how do spirals in a two-dimensionalCA model
appear and disappear? The birth and death mechanism
of hypercycle spirals, which should provide important
information on the stabilit y of hypercycles,is currently
unclear. Our model is similar to the Cronhjort model
(a two-dimensionalCA model under growth limitation).
However, it has six species,so that spirals emerge.

To understand the mechanism, we follow the behav-
ior of spirals in an analytic way. We show quantita-
tiv ely that the shape of a spiral can be approximated by
an Archimedean spiral and that its center, width, and
phasechangeaccording to Brownian motion. Then, we
show the impact of c0 and the decay probabilit y of a
molecular species(Pdecay ) on the birth and death pro-
cessof hypercycle spirals. Parameter space(c0; Pdecay )
can be divided into three regions: systematic (S), quasi-
systematic (Q), and chaotic (C) regions. In the S region,
the number of spirals monotonically decreaseswith time
due to pair decay (the simultaneous disappearance of
two spirals), which was �rst mentioned by Boerlijst and
Hogeweg (Boerlijst & Hogeweg 1991). In the Q region,
not only is there pair decay, but also independent de-
cay. New spirals may emergeafter the occurrenceof an
independent decay. In the C region, spirals do not form.

Next, we explain how two spirals interact basedon the
phasesynchronization hypothesis,which states that two
spirals are in contact with each other such that molecules
of the samespeciesmeet at the boundary betweenthese
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spirals. This hypothesisyields a barrier betweenspirals.
The shape of the barrier dependson the spirals' rotation
directions and a�ects the occurrencerate of pair decay.
We then intro duce the term \adjacent speciesviolation
(ASV)," which represents a phenomenonin which a belt
of speciesi touchesa belt madeup of speciesother than
i � 1, i , and i + 1, where a spiral is composed of six
belts and each belt is made up of moleculesof the same
species. We show from computational experiments that
ASV is a necessarycondition for creating new spirals.
Lastly, we show that in order for a hypercycle system
to live long, spirals in the system must be somewhat
unstable, sincenew spirals cannot emergewhen existing
spirals are too stable.

The CA Mo del
In order to model a reaction-di�usion system of six
molecular speciesin a hypercycle organization (in Fig.
1) in a two-dimensional medium, we consider a two-
dimensionalcellular automaton (CA) model, which is on
a 200� 200 lattice of squarecells with periodic bound-
aries. Let sk be the state of a cell k. Cell k is either oc-
cupied by a moleculeof speciesi (i.e., sk = i ) or empty
(i.e., sk = 0). Hereafter, we call the states of all cells on
the lattice an image. The CA starts at t = 0 with an
image consisting of 2002c0 molecules,whosespeciesand
positions are randomly selectedaccording to a uniform
distribution. c0 is a parameter indicating the maximum
total concentration (0 < c0 � 1).

We explain our model conciselysince it is mostly de-
rived from the Boerlijst and Cronhjort models (Boerlijst
& Hogeweg 1991; 1992; Cronhjort & Blomberg 1996).
At each time step, for all cells k (2002 in total), sk is
updated in random order as follows:

if (sk = 0)
for each i 2 Si do

Pi := (1 �
ctot

c0
)

support( i )
max(

P
i 2 S i

support (i ); � )
;

if (
P i � 1

j =1 Pj < X 1 �
P i

j =1 Pj )
sk := i ;
ctot := ctot + 1

200 2 ;
else

if (X 2 � Pdeca y )
sk := 0;
ctot := ctot � 1

200 2 ;
else (X 3 � Pdi� )

di�use( k);

In the above algorithm, Si (= f 1; 2; 3; 4; 5; 6g) is the
set of speciesin the hypercycle(Fig. 1). X 1, X 2, and X 3

represent random numbers generated according to the
uniform distribution in range [0,1]. Function di�use( k)
interchangessk with sj , where j is a randomly selected
neighboring cell of k. Throughout this paper, a neigh-
boring cell of cell k is one of eight cells surrounding cell
k (Moore neighborhood).

Pi in the algorithm denotes the probabilit y that a
moleculeof speciesi is replicated into cell k. To obtain
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Figure 1: A hypercycleconsisting of six species.

Table 1: Parameter values used to obtain all results in
this paper, unlessstated otherwise.

self(i ) 0.01 for all i 2 Si

cat(i; i � 1) 1 for all i 2 Si

� 1
Pdi� 0.5

probabilit y Pi , we �rst calculate the amount of replica-
tion support for speciesi at cell k such that

support( i ) = N i self(i ) + N i;i � 1cat(i; i � 1);

where N i is the number of k's neighboring cells that are
occupied by species i . N i;j is the number of pairs of
cells ` and m that satis�es three conditions: `; m 2
f neighboring cells of cell kg, (s` ; sm ) = (i; j ) or (j; i ),
and ` is a neighbor of m. Functions self(i ) and cat(i; j )
represent relative replication rates of species i by self-
replication and by replication with catalytic support
from j , respectively.

In the same way as in the Cronhjort model (Cron-
hjort & Blomberg 1996), we intro duce the growth lim-
iting factor 
 = 1 � ctot =c0, where ctot is the fraction
of cells occupied by any molecule. We intro duce the
growth limitation to observe the e�ect of the amount of
components usedfor building up molecules.When 
 � 0
(i.e., c0 � ctot ), all replication probabilities are almost
zero; therefore, the growth stopsunder such a condition.
Parameter � controls the probabilit y that one molecule
of any speciesis replicated into an empty cell. If � in-
creases,the probabilit y decreases,so that replications
occur only at empty cells having large R values, where
R =

P
i 2 Si

support( i ). Therefore, ctot decreasesas � in-
creases.A moleculedecays with probabilit y Pdecay . All
parameter values in this model except for c0 and Pdecay

are shown in Table 1.
The following summarizes the characteristics of our

model. (1) The states of all cells are asynchronously
updated at each time step. (2) The replication prob-
abilit y of species i is larger than that of species j if
support( i ) > support (j ). (3) Growth limitation is taken
into account. (4) Parameter � controls the replication
probabilit y at all empty cells.
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Figure 2: � advancing in the opposite direction against
the rotation direction of a spiral.

Dynamics of Hyp ercycle Spirals
In this section, we �rst explain analytically the shape
and movement of an individual spiral, and then describe
the e�ects of c0 and Pdecay on the dynamics of spirals,
especially on their birth and death process.

Arc himedean Spiral
A spiral consistsof six belts, each of which is madeup of
moleculesof the samespecies. Although the boundary
betweentwo belts is not smooth, it can be approximated
by an Archimedeanspiral (seeFig. 12(a)) with our spiral
identi�cation method. This result is the starting point
of our work. Basedon this result, the boundary between
belts of speciesi and i � 1 canbe written with orthogonal
coordinates (x; y) as

x = xc + a� cos(� �
2�
6

i + ' ); (1)

y = yc � a� sin(� �
2�
6

i + ' ); (2)

where (xc; yc), ' , and a are, respectively, the center,
phase,and width of the spiral, and 0 � � � 2n� when
the number of turns is n. Each spiral hasits own rotation
direction, which is either clockwise (R) or counterclock-
wise (L). As shown in Fig. 2, � advancesin the opposite
direction against the rotation direction. Therefore, the
secondterm on the right-hand side of Eq. (2) takes the
positive (negative) sign if the rotation direction is R (L).

We obtained time seriesof center (xc(t), yc(t)), phase
' (t), and width a(t) of a spiral from about 6000images.
Figure 3 shows the caseof (c0; Pdecay ) = (0:2; 0:04); the
caseof (c0; Pdecay ) = (0:7; 0:06) is almost the same. Let

_xc(k) = xc(t + k) � xc(t); _' (k) = ' (t + k) � ' (t);
_yc(k) = yc(t + k) � yc(t); _a(k) = a(t + k) � a(t):

We can see that histograms of the four increments
( _xc(k); _yc(k); _' (k); _a(k)) approximate normal distribu-
tions. Figure 3(b) shows the histogram of _' (k). In
the �gure, N (�; � 2) indicates a normal distribution with
mean � and variance � 2. Furthermore, as shown in Fig.
3(c), the sample standard deviations of the four incre-
ments linearly increasewith

p
k for large k's; therefore,

their behavior can be regardedapproximately as Brow-
nian motion. (However, we show exceptionslater.) The
absolute value of the correlation coe�cien t betweenany
two increments is almost zero(lessthan 1:5� 10� 3 when
(c0; Pdecay ) = (0:2; 0:04)) except for that between _' (t)
and _a(t) (its maximum is 0.0216 when (c0; Pdecay ) =
(0:2; 0:04)).

Figure 3(a) shows a random walk of a spiral's center
(xc(t), yc(t)). Its movement is perceptible to the naked
eye. The angular frequency ! (= _' (1)) of a spiral is
almost constant, since its variance is very small. The
rotation time Tr = 2� =�! agreeswith that computed by
Boerlijst's method (Boerlijst & Hogeweg1992),where �!
is the samplemean of ! . Tr decreaseswith an increase
in Pdecay . For many c0 and Pdecay pairs, their relation
is roughly Tr Pdecay � 130. The samplemean of width a
also decreaseswith an increasein Pdecay .

Parameter Space
Based on the behavior of spirals, parameter space
(c0; Pdecay ) is divided into three regions: systematic (S),
quasi-systematic(Q), and chaotic (C) regions (Fig. 4).
The Q region is made up of Q1 and Q2 sub-regions. In
the S region, all spirals die out due to pair decay (see
Figs. 12(d)-(f )). A pair decay is the simultaneous dis-
appearanceof two spirals and occurs when the distance
betweentheir centers becomesvery short. A pair decay
occurs only if the rotation directions of two spirals are
di�eren t. As shown in Fig. 5, the number of spirals
in this region is always an even number and the num-
ber gradually decreasestwo by two with time, until it
eventually becomeszero.

In the Q region, not only pair decay, but also inde-
pendent decay can be observed. An independent decay
is the collapseof a spiral causedby the intensive decay
of moleculesin the spiral. If such intensive decay occurs
at the center of a spiral, beforelong the spiral disappears
(this type of independent decay is called a complete de-
cay); otherwiseit survives(this is called a partial decay).
New spirals are often born just after a partial decay. Ac-
cordingly, the number of spirals decreasesafter a pair or
a complete decay, but it may increaseafter a partial de-
cay (Fig. 5).

In the S region, spirals cover the whole squarelattice.
In the Q1 region, on the other hand, a few massesof
empty cellsexist betweenspirals (they look like lakeson
a continent, as shown in Fig. 12(b)), while in the Q2
region, a few spirals are surroundedby empty cells (they
look like islands, as shown in Fig. 12(c)).

In the C region, moleculescannot form spirals, so all
moleculesdie out shortly after the model starts. There
are some reasonswhy they cannot form spirals. For
example, if Pdecay is very large, the life spans of the
molecules become too short to form spirals, while if
Pdecay is very small, the width a of a spiral becomes
too large to form spirals on the 200� 200 lattice.
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Figure 3: Behavior of a spiral derived from 6116 im-
ageswhen (c0; Pdecay ) = (0:2; 0:04). (a) Random walk
of center (xc(t); yc(t)). (b) A histogram of _' (100)=100
(radian/time-step), where the cell size is 1:6 � 10� 3 ra-
dians. (c) Standard deviations increasing linearly withp
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Phase Synchronization
Hyp othesis

The CA lattice can be divided into n areaswhen there
are n spirals in an image. One Archimedeanspiral exists
in each areaand the shapeof each areagradually changes
with time. Two belts belonging to di�eren t spirals meet
at a boundary of two areas (for example, seeFig. 7).
At each point on the boundary, six belts composed of
di�eren t speciescyclically arrive from both areas. We
have noticed that two belts meeting on the boundary are
always madeup of the samespecies.We call such a state
of two spirals \phase synchronization" and establish the
following hypothesis.

Phase synchronization hyp othesis: All spirals that
are in contact with one another are in the phasesyn-
chronization state if no partial decays are in progress.

If the hypothesis is true, a belt of speciesi is always en-
closedonly by belts of speciesi � 1, i , and i + 1. This
hypothesis is very natural since species i is created at
an empty cell next to speciesi � 1 (with the catalytic
support of i � 1) or next to speciesi (by self-replication).
Note that this hypothesisstates that the phasesynchro-
nization holds even though complete or pair decays are
in progress. The progressof thesedecays is such that a
massof empty cellsexpandsoutward from the center un-
til it reachesarea boundaries(seeFig. 12(f)); therefore,
the hypothesisholds even during thesedecays.

We usethe hypothesisasa basisto explain the follow-
ing facts:

� A pair decay occurs only if the rotation directions of
two spirals are di�eren t.

� If the distance between the centers of two spirals ro-
tating in the samedirection becomesvery short, they
repel each other.
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Figure 5: Probabilities that the number of spirals in-
creases,decreases,and remains unchangedbetween t =
104 and t = 105 in three regions(Q1, Q2, S). The number
of trials is 24. The patterns of changesare described as
\( L 1; R1)| > (L 2; R2)," where L 1 (R1) and L 2 (R2) are
numbers of spirals rotating clockwise (counterclockwise)
observed at t = 104 and t = 105, respectively.

Barrier between Spirals

We �rst show how close two spirals can come to each
other while maintaining the phasesynchronization state.
Here, we express the four parameters (xc; yc; '; a) of
Archimedean spiral i as (x i ; yi ; ' i ; ai ). Let d be the
distance between the centers of two spirals and let Sd

denote the range of distances d that do not allow two
spirals to be in the phase synchronization state. Fig-
ure 6 shows range Sd as a function of phasedi�erence
(� ' = ' 2 � ' 1) obtained with Eqs. (1) and (2) under
the condition that y1 = y2 = 0 and a1 = a2 = a. We
computed the boundary betweentwo spirals sinceif their
completeboundary can be obtained, they are in the syn-
chronization state. As shown in the �gure, spirals with
di�eren t directions can come closer to each other than
spirals with the same direction. Let ds be the great-
est lower bound in the complementary range of Sd ( �Sd).
When the directions are di�eren t, there are no Sd barri-
ers (ds = 0) betweenthem if � ' � � ; however, sincethe
gap in the barrier is extremely narrow (less than 10� 5

radians) when d < 1:97a, it may be di�cult to enter the
gap. Meanwhile, if the rotation directions are the same,
ds � 3:107a when � ' = � .

We next show the reasonwhy the pair decay occurs.
The direct causeof pair or completedecay is that at least
one of the six belts disappears from the center of the
spiral. Figure 7 shows two spirals with di�eren t rotation
directions, which are depicted according to Eqs. (1) and
(2). As shown in the �gure, if distance d is very small, a
belt with a small area appears (belt 1 in Fig. 7). Since
two spirals with di�eren t rotation directions can come
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Figure 6: Range Sd of distances that do not allow two
spirals to be in the phase synchronization state when
rotation directions are (a) di�eren t and (b) the same.

very closeto each other, the chanceof a belt disappearing
(due to an intensive decay of moleculesin the belt) is
large. Figure 12(e) shows two spirals in our CA model
whoseshapesare similar to those in Fig. 7. Contrarily ,
if their directions are the same,such a small area does
not appear even if d = ds .

Phase Di�erence
The phase di�erence between two spirals is a relative
quantit y; therefore, it should be an invariant with re-
spect to the translation and rotation of the coordi-
nate axes. In the previous section, we dealt with the
case y1 = y2, and expressedthe phase di�erence as
� ' = ' 2 � ' 1. In this section, we assumethat y1 6= y2.

We �rst consider the casewhere the rotation direc-
tions of two spirals are di�eren t. Supposethe center of
spiral 2 in Fig. 8 moves from (x2; y1) to (x2; y2) while
its phase ' 2 remains unchanged. After the movement,
by observing spiral 1 from spiral 2 (in other words, by
regarding the line that passespoints (x1; y1) and (x2; y2)
as the X-axis), the phaseof spiral 1 (' 1) decreasesby
� = tan � 1 y2 � y1

x 2 � x 1
(� � � � � � ), where

8
>><

>>:

0 � � � �
2 ; if x2 � x1 � 0 and y2 � y1 � 0,

�
2 < � � � ; if x2 � x1 < 0 and y2 � y1 � 0,
� �

2 � � < 0; if x2 � x1 � 0 and y2 � y1 < 0,
� � < � < � �

2 ; if x2 � x1 < 0 and y2 � y1 < 0.
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Figure 8: Phasedi�erence depending on the relative po-
sitions of two centers.

By observing spiral 2 from spiral 1, on the other hand,
the phase of spiral 2 (' 2) advances by � . Therefore,
phasedi�erence � ' after the movement can be written
as

� ' = (' 2 + � ) � (' 1 � � ) = ' 2 � ' 1 + 2�: (3)

If the rotation directions of spirals 1 and 2 are, respec-
tiv ely, R and L, � ' = ' 2 � ' 1 � 2� .

We next consider the casewhere the rotation direc-
tions are the same. Suppose that spiral 2 in Fig. 8
rotates counterclockwise (L). Then, ' 2 decreasesby �
by observing spiral 2 from spiral 1 after the movement;
therefore, the phase di�erence does not change in this
case. To sum up, the phase di�erence depends on the
relative positions of two spirals only if their rotation di-
rections are di�eren t.

Based on the above-mentioned dependence,we show
how large the barrier is when the rotation directions
of spirals 1 and 2 are L and R, respectively. Figure 9
shows the area of center (x2; y2) that satis�es d 2 Sd

(Sd is given in Fig. 6(a)) when ' 2 � ' 1 = � and
(x1; y1) = (0; 0). Note that in this case,distance d and
phase di�erence � ' are written as d =

p
x2

2 + y2
2 and

� ' = � + 2tan � 1 y2
x 2

, respectively. From the �gure, the
barrier is deeply dented when y = 0. This unique shape
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Figure 9: Barrier betweentwo spirals when ' 2 � ' 1 = �
and center (x1; y1) = (0; 0). The widths of the two spirals
are a.

a�ects the pair decay rate, asdiscussedin the subsequent
section.

Behavior after First Touch
Adjacen t Species Violation
The adjacent speciesviolation (ASV) indicates that a
belt of speciesi touchesa belt that is madeup of species
other than i � 1, i , and i + 1. If the phasesynchronization
hypothesisis true, ASV occursonly in two cases.(1) At
the beginning of the CA model when newborn spirals
touch one another for the �rst time. (2) When some
spiral belts encounter one another after they invade an
empty area created by a partial decay.

In the above-mentioned two cases,new spirals often
appear. The following experiment clari�es the relation-
ship between the appearanceof new spirals and ASV.
Two circlesare usedas the initial state of the CA model
(seeFig. 10). Each circle is equally divided into six parts
and each part is �lled with moleculesof the samespecies.
The two circles becometwo spirals soon after the begin-
ning of the CA model, they grow larger (i.e., their num-
bers of turns increase),and then they touch each other.
The rotation directions of the two spirals and the phase
di�erence betweenthem can be determined a priori de-
pending on how the six speciesare arranged on the 12
parts in the two circles. Figure 10 shows the initial state
(the arrangement of speciesin the two circles and dis-
tance d0 betweentheir centers) and what happensafter
their �rst touch until t = 3000.

The following summarizes the experimental results
shown in Fig. 10.

1. Without ASV (� ' = � ), no new spirals appear.

2. When ASV occurs (� ' = 0) and two spirals are both
L, one spiral deterministically appearswith the R di-
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Figure 10: Relationship between ASV and the birth of
new spirals. For clarit y, we set 
 = 1. The samplemean
of width a = 10:47. ASV occurs when � ' = 0.

rection. When � ' = 0 and one spiral is L and the
other is R, one of the following four caseshappens:
two new spirals with di�eren t directions, onenew spi-
ral with the L direction, onenew spiral with the R di-
rection, or no new spirals. Which of thesecasesoccurs
is random, even if the experiments are madeunder the
sameconditions excluding random numbers.

3. When the centers are inside the barrier (d0 2 Sd), pair
decay occurswith a high probabilit y. If the directions
are both L, the distance between the centers deter-
ministically increases. Figures 12(j){(l) illustrate the
increaseof the distance. In this case,the movement
of the centers is not according to Brownian motion,
but they repel each other perhaps to enter the phase
synchronization state.

Emergence of New Spirals

We learned from the above experiments that ASV is a
necessarycondition for creating new spirals. Then, how
doesa new spiral emergeafter ASV? From our observa-
tions, after belts of speciesi and j (6= i � 1; i; i + 1) commit
ASV, the moleculesof speciesi + 1 (j + 1) in the belt of
speciesj (i ) begin to actively reproduce after touching
the belt of speciesi (j ), sothat they form a small cluster
of speciesi + 1 (j + 1) between the belts. (Note that a
belt of speciesi includes a small number of moleculesof
speciesi � 1; i � 2; : : :) The number of clustersincreasesas
the two spirals rotate, and eventually the clusters form a
spiral. Figures 12(g)-(i) show the generation processof
a new spiral when (
 ; Pdecay ) = (1; 0:1). It takes about
100 time steps to create a new spiral.

Table 2: Pair decay rate r p and probabilit y pc(2:4a).
rp is measuredover 200 experiments for (c0; Pdecay ) =
(0:7; 0:06). a = 11:69

d0 2:0a 2:4a 2:7a 3:0a 3:4a 3:8a
rp 0.995 0.90 0.71 0.42 0.21 0.11

pc(2:4a) 1.0 0.973 0.643 0.439 0271 0.169

E�ect of Barrier on Pair Decay

Table 2 shows the occurrence rate (r p) of pair decay,
which is obtained by carrying out the sameexperiment
asshown in Fig. 10 when � ' = � and the directions are
L and R. From the table, the following two results are
obtained. (1) A pair decay occurs almost deterministi-
cally when d0 = 2a. (2) Rate r p largely changeswhen
d0 is between2:4a and 3:0a. The above two results can
be expressedin di�eren t words with the random walk of
a center and the Sd barrier: a pair decay occurs at the
inner part of the dented areain Fig. 9, and the probabil-
it y that a center enters the inner part is sensitive to d0 if
d0 is near the entrance of the dented area. By meansof
the random walk simulation, we obtain probabilit y pc(`)
that the shortest distance betweentwo centers during a
random walk is lessthan `. Table 2 demonstrates that
pc(2:4a) approximates r p.

Surviv abilit y Evaluation

In this section, we evaluate how long the hypercyclesys-
tem can livedepending on c0 and Pdecay . Here, the death
of the system means that the concentration of at least
one speciesis zero. Figure 11 shows averagelife spans
for various c0 and Pdecay pairs. From the �gure, we can
seethat a system can live long if Pdecay is a little larger
than that on the boundary betweenthe S and Q regions
in parameter space(c0; Pdecay ), where we assumethat
the S region in Fig. 4 still exists even under the Q2
region as a long and very narrow region.

We explain this result as follows. In order for the sys-
tem to live long, forming a spiral is de�nitely required.
Experiments verify that hypercycle systemscannot live
long if spiral structures are completely broken at each
time step without changing the concentrations of each
species. Namely, the system's death comessoon after
the number of spirals becomeszero. As shown in Fig.
5, comparedwith the S region, the Q region has an ad-
vantage since the number of spirals in the region may
increase (due to ASV after a partial decay). A large
Pdecay value increasesnot only the frequency of partial
decays, but alsothe frequencyof completedecays; there-
fore, there is an optimal Pdecay value for each c0, which
is a little larger than Pdecay on the boundary.
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Figure 11: The life spanof a hypercyclesystemaveraged
over ten trials. For all trials, the execution of CA stops
at t = 106 time steps.

Discussion
A hypercycle system consistsof two levels of dynamical
systems: species(low-level systems) and spirals (high-
level systems). One signi�can t result of our study is
that although the stabilit y of low-level systemshas an
e�ect on the behavior of high-level systems(Fig. 4), the
survivabilit y of the hypercycle system (Fig. 11) can be
explainedonly by interactions amonghigh-level systems.
The stabilit y analysisof a hypercyclesystembasedonly
on the dynamics of the concentrations (or numbers) of
low-level systems,which doesnot take into account the
high-level system,may lead to di�eren t conclusionsfrom
those in this paper.

Our results also suggestthat the �tness of a species
in a hypercyclic organization depends not only on its
stabilit y and its e�ciency of reproduction, but also on
the interactions of high-level systems; furthermore, an
increasein the stabilit y of high-level systemsdoes not
always result in an increasein the �tness. Although all
of our resultsareexperimental, someof them may bethe-
oretically derived, for example,by solving the Ginzburg-
Landau equation (Gabbay, Ott, & Guzdar 1998).

Conclusions
We have analytically and experimentally described the
behavior of hypercyclespirals in the two-dimensionalCA
model. The following summarizesour main results:

� A spiral can be approximated by an Archimedeanspi-
ral and the center, width, and phase of the spiral
changeaccording to Brownian motion.

� From the phasesynchronization hypothesis,there is a
barrier that does not allow two spirals to come close
to each other. Pair decay occurs at the inner part of
a dented area of the barrier with a high probabilit y.

� Computational experiments indicate that adjacent
speciesviolation (ASV) is a necessarycondition for
creating new spirals.

� Parameter space(c0; Pdecay ) consistsof three regions.
A hypercycle system can live long if Pdecay is a little
larger than that on the boundary between the S and
Q regions.

From the above results, the survivabilit y of a hypercy-
clesystemcanbe explainedbasedon the birth and death
processof spirals. In order for the system to live long,
the spirals in the system should be somewhatunstable,
sincenew spirals cannot emergewhenexisting spirals are
too stable. The stabilit y of spirals can be controlled by
the stabilit y (Pdecay ) of molecular species.If the amount
of components used for building up molecules(c0) in-
creases,it is necessarythat the molecules be slightly
more unstable for the hypercycle system to live long.
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Figure 12: Spiral patterns on a 200� 200 CA lattice. (a) Identi�cation by an Archimedean spiral. (c0; Pdecay ) =
(1; 0:12). (b) Empty areasexisting betweenspirals in the Q1 region. (c0; Pdecay ) = (0:7; 0:1). (c) Spirals in the Q2
region surrounded by empty cells. (c0; Pdecay ) = (0:2; 0:04). (d){(f ) Pair decays in progress. t = 2070; 2450; 2650.
(g){(i) Emergenceof new spirals between two spirals. t = 390; 420; 450. (j){(l) Two spirals repelling each other.
t = 0; 450; 850.


