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Abstract

Hierarchically organised recursive virtual machines can
be used as a novel dynamic hierarchies modelling tech-
nique. Such a technique is based on the traditional no-
tion of computing machines. The discussed technique
allows a detailed analysis of different aspects of hier-
archical complex system decomposition, together with
the analysis of interactions between and within differ-
ent hierarchical levels. This may help to understand a
modelled problem or phenomenon better. Comparisons
with other methods from the field of hierarchical evolu-
tionary computation are provided and simple examples
(using Boolean algebra) are presented. An approach to
code generation called software growing is proposed.

Introduction

In system sciences and cybernetics any system under in-
vestigation is thought of as a composition of multiple
subsystems, each of which can itself be decomposed into
subsystems, and this follows all the way down to a ba-
sic, fundamental level (Simon 1968). Hierarchies help us
to deal with complex phenomena by decomposing them
into more manageable subsystems and investigating the
interactions between these subsystems, one interaction
at a time. The emphasis is placed on investigation of
properties on different levels, mutual dependencies, and
interactions between and within the hierarchy levels. Hi-
erarchical decomposition of the problem space deals with
complexity in a way that is natural and intuitive to hu-
mans.

Many naturally occurring phenomena can be modelled
(to an arbitrary precision) by a hierarchy. Building such
a hierarchical model is not an easy task, especially if
there is a number of interrelated levels involved, and if
we do not know all the constraints on the subsystems
in advance. Nevertheless, the advantages of hierarchical
models, especially for human comprehension, are sub-
stantial. For example, human society is composed (in a
very simplistic view) of institutions, which are composed
of individuals, which are composed of organs, which in
turn are composed of cells and tissues, which are further

decomposable into chemical reactions and physical pro-
cesses. We would not be able to understand various re-
lationships between reactions at molecular levels and re-
actions at the level of institutions (like company mergers
or bankruptcy). Such relationships are implicit and very
difficult to deal with directly. They become manageable
through hierarchical models. A computer programming
is another example of a hierarchical system. Instead of
programming computers by means of rearranging the
physical wiring between Boolean gates inside digital
computers, programmers write software in higher level
programming languages, by using compilers/interpreters
and virtual machines to logically perform the re-wiring
at the (logical) Boolean gates level. These higher-level
programs are compiled and executed on lower-level ma-
chines, which in turn are executed on specific Boolean
gate implementations (hardware). Again, it would be
unmanageable to deal with all the higher-level program-
ming abstractions like objects, methods, and attributes
in the object-oriented paradigm if it were mapped di-
rectly to physical Boolean gates. All the intermediate
levels are necessary.

Some believe that all sufficiently complicated systems
are modelled best by hierarchical models (Holland 1992;
Rosca 1997; Spector 2002). The formalism discussed
here aims at providing a uniform framework for mod-
elling dynamic hierarchies.

Virtual machines

The main objective of hierarchy-based models is to anal-
yse and exploit the interactions between different levels.
The additional objective for dynamic hierarchy-based
models is to construct all necessary hierarchy levels dy-
namically. This gives extra flexibility.

Formal definitions

The following formalism is based on typical models of
computing machines (Papadimitriou 1994; Jones 1997).
From the Church-Turing conjecture we know that all
models of discrete computation, including the one pre-
sented here, have the same properties as any other model
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of computation. This fact has some interesting and fas-
cinating implications, see e.g. (Flake 2000). All the well
known properties from computational complexity (Li &
Vitdnyi 1997) can be directly applied to the model pre-
sented here. This includes, for example, undecidability,
the halting problem, and the concept of non-computable
functions.

Definition 1. A wvirtual machine or a computing ma-
chine (or just a machine for short) is a tuple M =
(K, Zin, Zout, 0, s) where K is the set of states and s € K
is the initial state. X, and X, are sets of input and
output symbols, respectively, referred to as input and
output alphabets. § is a function that maps K x ¥;, to
K X Yoy, and is called the program. We say § (or the
program) runs on machine M. Remember that formally
0 is an integral part of the machine itself. The nota-
tion M (z) represents the output of machine M given
the input sequence x. M (z,y) represents the output of
machine M given the input sequence z followed by the
input sequence y.

Definition 2. Suppose that f is a function from (3;,,)*
t0 (Xout)*, and let M be a machine with input and out-
put alphabets ¥;, and X,,; respectively. We say that M
computes f if for any string x € (£;,,)%, M (z) = f(x). If
such machine M exists, f is called a recursive function.
We also say that function f is computed by machine M.

Definition 3. If for machine M = (K, %;,, Xout, 0, 8)
there exists a machine M’ = (K', %, ,%/ .. ¢, s") which
computes &, we call machine M a recursive virtual ma-
chine or recursive machine for short. We call program ¢’
an interpreter of M, and we say an M interpreter runs

on machine M’. We have Vz € (X;,)*, M(x) = M’ (4, x).

Definition 4. Suppose we have a machine M =
(K, Yin, Zout, 0,8) and there exists machine M, =
(Ke, Bin. s Zout,, Oc, Sc), where 3;, C X, and machine
M = (KX, % 4 0,s) where ¥,,, C X}, and
Sout C X0 Ve € (3n)%, M(z) = M'(M.(x)) then
we say that 0. is an M compiler, and we say M, compiles
M into M'.

The emphasis in the conceptual framework presented
above is to treat algorithms and running programs as
machines (recursive virtual machines to be precise).
This along with the notions of compilers and inter-
preters is discussed in length in (Jones 1997). The
above definitions do not make any assumptions about
the number of states a given machine can have, nor
about the storage capability. All possible models of
computations, and different computer/algorithm archi-
tectures fit the above definitions. For example one could
use X C Real to perform analog computation on real
values. It can be shown that the proposed concep-
tual framework is a simple extension of the theoreti-
cal models of computation such as Turing machines and
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Universal Turing machines (Hopcroft & Ullman 1979;
Papadimitriou 1994).

Definition 5. Let machine M = (K, X, Xout, 0, S),
with finite input and output alphabets ¥ = ¥;, = ¥4,
{U,p} € ¥ and {h,y,n} € K. In other words the al-
phabet contains two special symbols, the blank and the
first symbol, and there are three extra state symbols,
namely: h the halting state, y the accepting state, n
the rejecting state. We define three additional symbols,
representing cursor directions: « for “left” and — for
“right” and — for “stay”. If § maps K X ¥ to K’ x X,
where K/ = K x {«,—,—} then we say that machine
M is a Turing machine.

Modelling hierarchies

The modelling methodology proposed in this paper is
based on the notion of recursive virtual machines. It is
easy to show due to the principle of universality of com-
putation that all virtual machines are recursive. It is
also easy to show, again based on the principle of uni-
versality, that for any given machine M there exists an
interpreter of M and compiler of M to M’. It all col-
lapses at the conceptual level to the universal virtual
machine (UVM). Note however, that the universal vir-
tual machine is not the main interest here. Rather it is
the concept of machines that are domain-specific, con-
strained and resource-limited that is the main feature of
the model.

We can model artificial and naturally occurring phe-
nomena as a chain of virtual machines. One possible
perspective on artificial life or evolutionary systems is to
focus on a tower of compilers and/or interpreters. The
concepts of chaining and stacking compilers and inter-
preters is discussed in detail in (Jones 1997). The other
approach is to use more traditional functional decompo-
sition. All computing programs, including all evolution-
ary computation models can be represented as a chain of
compilers and/or interpreters, with different functional
partitioning on each level. The way this chain is con-
structed and how all its elements interact with each other
is the question we are addressing about hierarchies.

Vertical and horizontal decomposition

Following the formal definitions, a machine can be stati-
cally represented as a program string, consisting of a pre-
fix together with some instructions following this prefix.
The prefix itself can be decomposed into another prefix
and another program, and so on. This is called vertical
decomposition, or a wertical hierarchy. Another type of
decomposition is based on dividing a given machine into
interacting parts — this is called a horizontal decomposi-
tion. Formally, a vertical hierarchy is based on stacking
interpreters and /or compilers (Jones 1997), see Figure 1.



ALife VIII: Workshop proceedings

In Out In Out

|

In  Out In Out
M2

Figure 1: A vertical split of machine M into a tower of
machines M0, M1, M2.

A horizontal decomposition is based on splitting a single
machine into two or more machines, see Figure 2.

Simple examples of vertical hierarchies are all sorts of
(real-life) interpreters and compilers. For example given
a Pascal interpreter written in Java we would have: pro-
gram written in Pascal — Pascal virtual machine (writ-
ten in Java) — Java virtual machine (written for ex-
ample in C) — C virtual machine — etc., where the
arrow reads as “runs on” as defined in Definition 3.

An example of horizontal partitioning would be func-
tional partitioning of a single individual virtual machine.
Let us imagine that we have a machine that can compute
two operations on the natural numbers domain: addi-
tion and multiplication. If we perform functional parti-
tioning, we can end up with two virtual machines, each
computing a single operation, multiplication or addition,
respectively. The union of these two gives us the original
single machine.

In Out
In  Out
M

Figure 2: A horizontal split of machine M into machines
Mo, M1, M2.

In Out
In  Out In  Out In  Out
M1 MO M2

One can enumerate through all the machine levels,
starting from the base (fundamental) level My, up to
the final highest-level machine, M,. The actual input
(instructions) are fed to the machine M,,. It is important
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to remember that, in fact, there is no special distinction
between the program running on a virtual machine and
the program emulating a particular machine itself.

All the interacting virtual machines are connected by
their input/output streams. The hierarchical structure
of that composition can have different forms, depend-
ing on the particular phenomena at hand. It can be
a simple linear structure or it can be a tree-like struc-
ture. In general it is a directed graph, with cycles, with
self-referencing nodes, possibly with complicated inter-
dependencies (see Figure 3).

In Out In Out

L

In  Out

In Out In Out In  Out
I
M1 M3 | M2
[ —— P
In Out|_-| In Out|__| In Out
M4 - M5 - M6

In Out
MO

Figure 3: The example of possible dependencies between
machines after decomposition

Partial equivalence

Some machines can be fully or partially equivalent to
others, for example a Pascal virtual machine written
in C and a second one written in Java are always per-
fect and fully equivalent Pascal virtual machines, even
though they use completely different machines on the
lower level. Note that even though these two Pascal
virtual machines have different machines below them,
they can have exactly the same virtual machine one level
down, for example a virtual machine for a particular op-
erating system.

One can have a partial Pascal virtual machine that ac-
cepts a subset of all possible programs generated in Pas-
cal. This is referred to as specialisation. On the other
hand it is also possible to have a Pascal virtual machine
accepting a subset of expressions from the C language,
in addition to normal Pascal programs. The process of
adding features to the language and enhancing the in-
put language for a given machine is called conservative
extension (Jones 1997).
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Some machines can be recursively executed on them-
selves, for example a Java virtual machine interpreter
written in Java and executed on a Java virtual machine
interpreter. Some machines can be functionally equiva-
lent even though they use completely different language
syntaxes or alphabets, for example expressions in prefix,
postfix or reverse Polish notations. All these properties
are well known in computer science, in which specific
languages, interpreters and compilers flourish.

Suppose the problem at hand is coded in such a way
that the solution can be expressed as a string of symbols
from some language, L. For some languages finding a
solution string is easier than for others. Coding of the
problem is the key issue in solving the problem. In a
sense the language L captures and exploits some of the
properties of the problem. This is the main emphasis
of the proposed approach. With recursive virtual ma-
chines we have the necessary framework to model the
transformations of a problem representation from one
language to another, and we are able to translate the
original problem into a more easily solvable equivalent.

Decomposition limits

A particular level from the hierarchy is treated as a vir-
tual machine that provides some functionality to the
other level immediately above it, and uses the level be-
low to have the computation performed. In other words
a particular machine accepts input from one level, uses
other levels to perform computation, and then returns
the results back to yet another adjacent level. The high-
est level of the chain of machines accepts some input
(instructions), interacts with the level below it by send-
ing/receiving some input/output, and returns some out-
puts (results) back. Similarly to the base level, what
we consider the highest level is also arbitrary. There is
always a virtual machine feeding the instructions and ac-
cepting the results (e.g. a computer program or a human
operator).

A given machine in a chain is formally equivalent to
an interpreter or compiler of another machine located
above it. The first, the base level is the very first in-
terpreter, which we assume as being executed on some
universal virtual machine (UVM). In the case of digital
computers (and for the sake of simplicity) we can with-
out loss of generality assume that the base level machine
is equivalent to the Universal Turing Machine (Hopcroft
& Ullman 1979). Of course, this is an arbitrary choice,
and the decomposition could be carried further, treating
the UVM itself as a virtual machine, running on some
software/hardware platform and so on, all the way down
to electrical and/or chemical reactions and some physical

processesl .

! Actually, according to (Fredkin 1992) we have no rea-
son to stop there, and we can decompose the system further,
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Evolutionary computation (EC)

Traditional evolutionary program-generation techniques,
like artificial life systems or genetic programming with
tree-like or linear chromosomes, use human-designed vir-
tual machines with particular properties. The machine
is designed to fit into the widest possible class of dif-
ferent problems in a given problem area. Later, a set
of “benchmark” problems is tested on a given virtual
machine, and inferences are drawn concerning its suit-
ability for a specific class of problems. This methodology
works within narrow domains and can be successfully ap-
plied to many scientific and engineering problems. Nev-
ertheless, it is stochastic “guesswork”. We propose to
unify all existing representations under a single common
framework based on the notion of hierarchical virtual
machines. This would provide a much more systematic
approach and we believe would eventually lead to full
automation of the search for an optimal virtual machine
hierarchy for a given problem.

Hierarchies in EC

As noted by different authors (Koza 1995; Rosca 1997),
all program-generating algorithms use some sort of hi-
erarchical problem decomposition. Otherwise the search
space becomes unmanageable due to growing problem
complexity. In recent years there has been more inter-
est and work has been done on this particular aspect
of managing complexity (Koza 1995; Schmidhuber 1999;
Spector 2002).

The basic idea in most cases is to introduce self-
referential and recursion manipulation capabilities to the
base/fundamental level of the human-designed virtual
machine. For example in the PushGP system (Spector
& Robinson 2002), the primitive instruction set contains
some specific code-manipulation functions that provide
recursion and iteration mechanisms. Similar techniques
are being used in slightly modified forms in work of other
researchers (Schmidhuber 1999; Olsson & Wilcox 2002).
The main characteristic of such modelling techniques is
that effectively all the levels of abstractions can be col-
lapsed to a single self-referential base level. The hier-
archy levels are controlled by the initial system settings
and they are automatically generated by the mechanisms
of the search process. This can improve the search pro-
cess for some class of problems. However, our objective,
which is the analysis of interactions between the hierar-
chy levels, is not achieved due to the above-mentioned
collapse. All the intermediate virtual levels are created
automatically and implicitly.

based on the idea that physical phenomena itself are run-
ning on some (digital, in the case of Fredkin’s theory) virtual
machine.
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Evolving recursive virtual machines

The field of evolutionary computation is mainly based
on experimentation, a trial and error approach. In light
of all the advances in theoretical computer science and
given the conceptual framework of recursive virtual ma-
chines, it is now possible to introduce a more systematic
approach. Each different evolutionary system is an ex-
ample of a virtual machine, each language is an example
of a different search space and each system is an example
of the interplay between different aspects of the hierar-
chical organisation.

Probably one of the closest existing systems using the
concept of a tower of virtual machines with a hierarchy
of virtual machines is the grammatical evolution system
(Ryan, Collins, & O’Neill 1998). In this system, a top-
level search is performed on strings of integers. A string
containing integers is fed into a particular machine to
produce a computer program coded in a particular lan-
guage as output. This code is then fed as input to yet
another machine, which in turn returns a final result.
Each of the levels is relative to the level below it; this
relativity means that the same top-level string of inte-
gers will produce a completely different result when used
in combination with another machine. The top-level ma-
chine accepting the strings of integers is designed in such
a way that it can “plug-in” to any possible second-level
machine, and the model will still work. This is a human
designed feature, but it is inspired by many naturally
occurring phenomena. The multiple levels of indirect in-
fluences seems to be the most powerful mechanism at
work here.

Instead of designing such machines, and all the in-
direction levels, by hand, it is believed that this process
can be automated, and the virtual machine suitable for a
particular class of problems can be discovered automat-
ically. In fact, as shown in the Ezxample in the Boolean
domain section (below), some of the virtual machines are
simple enough that an exhaustive search can be used to
discover them.

Seeds and solution growing

Let us take a grammatical evolution system (Ryan,
Collins, & O’Neill 1998) as an example of solution grow-
ing concept. The solution for a problem at hand is ef-
fectively a proper hierarchy of machines (in this case a
BNF-encoded language grammar) and a string of inte-
gers as a symbolically encoded solution, which we refer to
as a seed. In case of grammatical evolution system, the
hierarchy of machines is designed by human programmer
before the search for the proper seed is started. However,
the hierarchy of machines needs to be discovered as well,
thus it is best to treat it as part of the solution itself.
In general, the solution to the problem (finding a com-
puter program) is a hierarchy of machines together with
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the seed. The actual computer program is then gener-
ated by feeding the seed through the system. In the
case of grammatical evolution, speaking informally, the
generation process is (in order): feeding the string of in-
tegers, generating the program listing, running the pro-
gram for the given input and then obtaining the final
solution. The given input in this case depends on the
“outer-level” virtual machine.

It is, however, possible to change or modify the ma-
chine hierarchy just before generating the computer pro-
gram. If the hierarchy of machines, their connections and
the initial states are subject to change, we refer to the
process of generating a final solution as solution grow-
ing. In the case of searching for code one can use the
term code growing instead. It is possible, by varying the
hierarchy of machines, to grow a valid solution from the
same seed for a certain variation of the original problem.
By simple re-mapping one can achieve exactly the same
result by varying the structure of the seed itself. This
opens a new window of opportunities not yet used by
the automatic code generation techniques. Again, it is a
very commonly occurring phenomena in nature.

Formally the idea of code growing is based on the no-
tions of bootstrapping and self-application. This is analo-
gous to more traditional compiler /interpreter bootstrap-
ping and self-application (Jones 1997).

Example in the Boolean domain
n-XOR problem

Boolean algebra is widely used for different benchmarks
in evolutionary computation (Wong & Leung 1996;
Gathercole & Ross 1997; Chellapilla 1998). Within the
context of evolutionary computation (Langdon & Poli
1999) present an extended summary of different prob-
lems and functions in Boolean algebra. We will inves-
tigate one of the more difficult problems: generating a
Boolean expression for an odd-n-parity problem, referred
to here as the n-XOR function. Note, however, that in
our set-up for this problem we literally mean n-XOR,
where n is the actual input parameter. Traditionally,
researchers tackle a particular instance of this problem,
for a given n. Our problem is in a sense a meta n-XOR
search. The choice of this particular function is based
on the observation that this is the most difficult of all
2" Boolean functions, i.e. the actual expression in con-
junctive or disjunctive normal form is the longest. For
all other functions the expression is shorter than for n-
XOR.

The final solution expression for a given n will be con-
strained to use only some predefined Boolean operators.
n-XOR is a symmetrical Boolean function which returns
1 if and only if the number of activated inputs is odd,
and 0 otherwise. The complementary function is called
even-n-parity. In both cases the main logical operations
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to build an n-XOR expression are binary XOR (exclusive
OR) and EQ (equality). However to make the problem
more difficult, we will constrain the operator set to two
2-variable operations: AND and OR, and one 1-variable
operation: NOT. We also require the solution to be of
minimal size, as the aim of traditional boolean function
minimisation techniques. The size is the length of the
expression, in other words, the number of nodes in the
expression tree representing the n-XOR function.

Again, note that the prior results discussed below are
for a different problem, where only a single instance of
the n-XOR truth table is available for fitness evalua-
tion, not the whole class as in our case. The class is
usually to be discovered automatically based on a single
case example from the class. (Poli & Page 2000) report
finding the solutions for fixed n up to 22, however the
results are far from being of minimal size. Note, that
in their experiments the XOR operator is available, and
yet the result for the odd-6-parity problem is almost 5
times longer than the minimal size expression. The au-
thor knows of no publication which reports the discovery
of a minimal size solution for this problem at all, even
with relatively small values of the parameter n, n > 5.
The best and the closest to the ideal solution is the one
informally reported by Roland Olsson. Olsson used his
ADATE system (Olsson & Wilcox 2002), and his solution
to the same problem (2-variable AND/OR and 1-variable
NOT only) for 9-XOR expressions has an impressive 265
nodes, which is only slightly larger than what we believe
to be the shortest expression (233 nodes).

Why is that so? Why is the problem “unsolvable” by
traditional EC methods? As shown in (Langdon & Poli
1998), the fitness landscape (the search space) for a GP-
like system is very rugged and does not allow easy ascent
toward optimal solutions. The search space must thus
be “transformed” by the GP machine into a more man-
ageable one, which effectively causes code bloat. The
code bloat for large n occurs extremely fast, and only
methods with proper parsimony pressures can cope with
it to a certain extent.

According to (Furst, Saxe, & Sipser 1984), the par-
ity functions cannot be represented by polynomial-
size constant-depth AND-OR-NOT expressions, which
means that the size of the minimal expression grows with
n faster than any polynomial. With 2-arity operations
it is also impossible to have a constant-depth solution,
which means that the expression depth increases. This
makes it extremely difficult for tree search techniques,
GP being a perfect example, where nodes closer to the
root are very difficult to change. The search space simply
becomes unmanageable for larger values of the parame-
ter n.

What can we say about appropriate virtual machines
designed to solve the n-XOR problem? We know that
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traditional GP-like code generation will simply fail for a
large number of variables but can be successfully applied
to solve it for small values of n (Langdon & Poli 1998;
Poli & Page 2000). The lower bound for the expres-
sion size has been proved to be exponential by (Hastad
1989). It is obvious that we have to escape to recursion,
otherwise no matter what method we use, the growing
search space will become unmanageable for large values
of n. We have the interplay of two important aspects:
the language in that the expression is expressed and the
machine which accepts that language. We also know
that our hierarchy of machines has to be dynamic and it
has to grow as n grows.

n-XOR hierarchy

Our solution consists of a tower of simple substitution
systems. Each machine in the tower accepts the in-
put stream, and for each of the symbols from the in-
put stream it performs a predefined symbol substitution.
Each machine can have a different set of rules, or can
have exactly the same rules. In the latter case we deal
with the same set of rules recursively applied to itself
a multiple number of times (self-application). We write
the substitution rules as follows: on the left-hand side
we write the individual symbol tuple, and on the right-
hand side we write the result of the substitution as a
tuple. All the inputs and outputs are sequential.

Let us assume that the input stream consists of a
sequence of variable names. For a 1-XOR, problem we
would have a single-variable input stream, say < x; >.
For 2-XOR we would have two variables: < z1,xq >, for
3-XOR three variables: < x1, 22,23 > and so on. In the
general case of n-XOR we have < z1,%9,...,2, >. Of
course the final expected output is the actual expression
representing the n-XOR problem, using only the prede-
fined operators.

In the search for a suitable set of rules, we start with
the divide and conquer principle, i.e. we try to split our
problem into two problems, solve each of them sepa-
rately, and then combine the results. To do so, first we
use an exhaustive search and try to build a shortest solu-
tion for the two-variable case. Knowing how to solve the
2-XOR case will allow us to “combine” two sub-solutions
later in the process.

Let us estimate first the search space for 2-XOR. We
have t = 2, where t denotes the number of terminals
(variables x; and z2), and f = 3, where f donates the
number of different operators, which for simplicity we
assume to always have two arguments. Thus, according
to the formula for the number of different expression
trees for a given tree size | (Koza 1992):

(- 1)
((T+ 1)/ - 1)/2)!

t(l+1)/2 % f(l—l)/2 % (1)
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we have no more than 55000 different trees of size 9,
which yields an estimate on all the trees up to size 9
to be not more than half a million. Our search space
for the 2-XOR problem is that big, because the minimal
expression for 2-XOR is of length 9. To find a solution
we do not need any particular technique, we can use
an exhaustive search here, i.e. iterate through all half a
million possible solutions.

Notation remark, we use here the following notation
conventions: AND and OR are 2-arity Boolean func-
tions, represented by % and + respectively. To simplify
the expressions, we omit the explicit representation of
the AND operator and assume its operation when two
operands are juxtaposed. In equations 2 and 3 all opera-
tors are written explicitly to ease counting of the expres-
sion size. NOT is a 1-arity operator which is represented
as an over-line.

The exhaustive search yields two solutions (assuming
the variables are < z1, 9 >):

T1 kLo + T1 * T (2)

Il*l‘2+$1 +SE2 (3)

If we rewrite the first of the found solutions as a rule
for our substitution system, we will have:

< X1,T2 >—><T1T9 +2X1T2 > (4)

We need also note that the 1-XOR solution is the ac-
tual single variable, itself, because the 1-XOR is effec-
tively an identity transformation. We can write that as
a rule for halting the substitutions:

<z >—<w,l> (5)

With the above two basic rules, found via the exhaus-
tive search, we have built a machine for solving 1-XOR
and 2-XOR problems. For 1-XOR it simply halts, pre-
senting the result on the output; for 2-XOR it performs
the substitution according to the rule and presents the
results to the output.

Now, imagine that we have input that is more than
two variables and that our machine can take two input
variables that appear sequentially and perform the ap-
popriate substitution to produce an intermediate output
which is then passed as input to another machine. Let
us assume that all the machines use exactly the same
two rules. For the n-XOR problem we would then have
a tower of (n/2) + 1 such machines.

Let us refer to M; as a substitution machine based
on the rules above. As an example, if we feed M; with
two input symbols, the first being ZT1x2 + 173 and the
second being x3, we will get as a result:

T + x1Z223 + (T122 + 2172)T3 (6)
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If Ni denotes the machine based on the rule from
Equation 3, and with the same input strings as above,
we will get:

(T12 + 21T2)x3 + T122 + T172 + 23 (7)

It takes an exhaustive search to show that there is no
better set of rules on each single level than the one we
have discovered originally. There is no hidden, or im-
plicit relationship between our dynamically created lev-
els. Because each of the machines in the tower has ex-
actly the same set of rules, we may connect the output
of the first machine with its own input, and we will have
the case of recursive self-application. The output goes
back to the input as feedback. There are effectively two
cases now. The first is where there is more than one in-
put string, in which case the first two are read from the
input. Then the substituted formula according to the
appropriate rule is prepared and the result goes back at
the end of the input stream. The second case is if there
is only one input string left, in this case this is the solu-
tion, and the rule 5 is applied. The effective solution is
in a form of a basic recursive function, where the number
of recursions depends on the length of the original input.
Remember, the original input is the enumeration of all
the variables.

The total size of the expression for our substitution
system is given by the recursive formula:

S(1)=1

S(n) =28(n%2) + 25(n%2 + nmod2) +5 ®

where we have used the notation: a%b = floor(%) and
a mod b = a modulo b = ((§) — (a%b))b

Are such simple solutions like the one for n-XOR a
common feature for a large class of problems, or is it just
one lucky example? The investigation and classification
of different problem classes with respect to the hierarchi-
cal decomposition seems to be a key to answering this
question. From what we have observed so far, it seems to
be a common property for all symmetric Boolean func-
tions. The investigation of more problems in Boolean
algebra can tell us more about the general properties of
this domain.

Summary

A model of dynamic hierarchically organised virtual ma-
chines as a modelling technique has been presented. It
builds on Turing-machine-based traditional models of
computation. The model allows easy transformations
from finite-state unlimited-tape machines to infinite-
state limited-tape systems, and is not limited to digi-
tal computers, by virtue of its unrestricted state space
and input/output alphabets. It allows stacking machines
(vertical decomposition) in addition to more traditional
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functional hierarchical decomposition models. It can be
used as a more systematic approach to different code
generation techniques. And, as shown by an example,
it can easily express recursive properties for some phe-
nomena. Unlike existing models, the emerging levels of
organisation can be either modelled directly as individ-
ual machines or can be indirectly captured for a formal
analysis as a state of an individual machine.

Applications in the fields of evolutionary computation
and artificial life are possible and are planned as future
work. In particular the formal model presented here al-
lows for the preparation of an operational definition of
a living system. However further formalisation of the
framework is necessary, and a better understanding of
emergent properties is also necessary.

The application of the proposed approach is not lim-
ited to these areas though. Some problems are more
naturally suited to recursive solutions, however, the hi-
erarchical approach presented above has more general
applications than just to those such “naturally recur-
sive” problems. The n-XOR problem is chosen as an
example of a “bounded” problem that makes it possible
to discuss it fully within the size limitations of this arti-
cle. However the overall approach is applicable to more
general types of problems. It can be effectively used and
applied to any problem. In particular, the application of
this method to open-ended and continuously recursive
processes seems to be promising.

The author would like to thank Stephen Cranefield,
Martin Purvis, William B. Langdon, Roland Olsson, and
Roy Ward for help, feedback and discussions on different
topics related to this article.
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