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Introduction

Many systems in the world are hierarchical and agent-
based. These systems have natural higher levels in which
agents are composites of lower-level agents and their en-
vironment. One example of such a system is a many-
colony social insect system, such as those of Harvester
Ants (1). At the lower level of description, the agents
of the colony are individual ants, which act in their en-
vironment. At a higher level we describe colonies as
“emergent composite” agents, containing multiple ant-
agents and their nest. Other examples of hierarchical
agent systems are Swarm simulations (3), biological or-
ganisms (8), and urban transport networks (4).

It is often useful to have a formal description of what
something is, to be able to work with those objects in
a clear and easily reproduced way. The purpose of this
paper is to develop a general framework for describing
multilevel agent systems clearly, and then use this frame-
work to describe a class of two-level Harvester Ant agent
systems.

In the first section of the paper, I will draw on ideas
from Structural Organization Theory (SOT), a newly-
designed framework for working with complex systems,
to create the basic definitions (2). In the second section,
I will carefully define a particular class of two-level agent
systems, and then use the concept of level translations
to provide several interesting ways of relating the two
levels. In addition to exhibiting a specific model, the
central intent of this paper is to show that SOT provides
a clean and rich modeling framework in which higher-
level agents can be clearly defined. Though no particular
analytical results will be presented here, the ideas of the
paper will be very useful in setting the stage for future
analytical results.

Basic Framework
Static Strucures

In this section, I will describe the SOT notion of hier-
archical structures.? Intuitively, static structures at any
level are made up of parts and relationships between
those parts. Once a level of description has been chosen,
any isolated static state (or “glimpse”) of a system is de-
finable in terms of its constituent pieces (physical or oth-
erwise) and the relationships (spatial or otherwise) that
bind those pieces together. Also by intuition, at a fixed
level of description, a system possesses basic part-types,
indivisible and fundamental objects which are given and
cannot be further defined. Structures have basic parts
— but they also have fundamental relationships between
the parts.

So imagine that we are given two sets. One set, call it
O for basic object-types, would represent the basic types
of fundamental parts. The other set, Ry (for basic rela-
tions), would represent the basic types of relationships.
With some canonical way of putting these parts and rela-
tionships together, we would be able to construct a basic
set of structures for the system. These structures are all
at the same basic level, in the intuitive sense that there
is no composite or complex structure to any of the indi-
vidual parts. In one sense, at least, they’re all equally
(un)complicated.

However, since we want the structural description to
have a natural hierarchy in it, the structures generated
from the sets O, Ry by the (as yet unexplained) construc-
tion rules do not suffice. To make higher level parts we
could make second level structures with parts have 1-st
level structures as types. That is, a second level struc-
ture would be a structure the type of whose parts would
first order objects, so that the individual second-order
objects have composite structural nature.

! A more sophisticated and technically detailed treatment
of hierarchical structures than the one offered here is avail-
able in (2). Though many of the concepts in this paper are
explicated in more detail in (2), this an entirely self-contained
exposition.
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Since first-level relationships would not likely also be
natural relationships for higher level objects, we must
therefore add new second-level relation types to account
for the new relations between composite objects. Sup-
pose these are notated as

Ry ={r} ...r2...}.

We can then build (through the same, as yet unex-
plained construction rules) second order structures from
composite parts and these new relations.

This procedure can be continued by induction to cre-
ate n-order structures for any n, so long as new relation-
ship types are provided for each step of the hierarchy.
SOT provides a formalism for this intuitive inductive
procedure.

That is, consider sets O and R; where 1 < j < k for
some integer k. To represent the set of basic structures
with basic parts and relationships between those parts,
and with relationships that can be either polar or not —
which will be called S; — we look to elementary graph
theory.

In graph-theoretic terms, S7 is the set of partially di-
rected graphs whose nodes are labelled by elements of O
and whose arrows are labelled by elements of R;.

Definition 1
S1(0, R) = PDG(O, Rl).2

That is, if z € 51, then it is a graph some of whose edges
may be directed, and with nodes labelled in O and edges
labelled in R;.

In this formalism, the parts of a structure are rep-
resented by the nodes of the graph that represent that
structure. The arrows of the graph represent the rela-
tionships, and the edge is directed if the relationship is
polar.

Sy is defined from this as the set of mathematical
structures with composite parts — that is, with types that
are in S7 — and higher level relations. More formally,

Definition 2
S2(0, R) = PDG(51, R2).

We can see that if x € S3(O, R), then x is a partially
directed graph, any of whose nodes is labelled by some
level one structure y € S1(O, R).

Define S, (O, R) inductively as the subset

PDG(Sp-1, Rn)

*We use the notation PDG(A, B) to refer to the set of
partially directed graphs, whose nodes are labelled by the
elements of the set A and whose edges are labelled by the
elements of the set B.
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in analogy with the definition of S7 and Ss.
The collection of all structures in the (O, R, k) universe
is

Definition 3

k
J(O,R, k) =S

=1

In (2), the SOT treatment of hierarchical structures
allows for structures which have relationships between
parts of different levels. This requires some technical
conditions, and is not in any case directly useful for the
purposes of this paper. For any graph y, a subgraph
is said to be a substructure, and write s € y if s is a
substructure of y.

So far, structures in Jy have parts defined in terms of
their part-types (i.e. the elements of O) and relations in
terms of their relation-types (elements of R; for some j).
What is missing, however, is a clear way to distinguish
between two different parts in a given structure which
have the same O-type. It will be useful, as is shown in
the next section of this paper, to have a clear and pre-
cise way to refer to different instances of the same type
of thing. This is in some ways analagous to the tra-
ditional semiotic distinction between types and tokens.
The SOT method for making this distinction is to clearly
specify “token identities” in the set-theoretical construc-
tion of the graphs mentioned above.

SOT uses V to denote the set of token labels. It’s
defined to have “size” equal to that of a ZFC set theory
on one atom.? The reason this requirement on size is
made is so that no reasonable structure could ever “run
out” of tokens — in other words, there’s enough different
tokens to allow structures of any reasonable size. Given
the token set V, we can make the following (re)definitions
of structure.

1. First level nodes are pairs

(a,0)

with @ € O and v € V. Let N; denote the set of all
first level nodes. Given a node n = (a,v), define its
type label, denoted I(n), to be a.

3A good source to learn about the traditional semiotical
thought on this topic is (5).

“Define WF() as the well-founded set theory on the
empty set symbol. That is, WF is the union over ordinals
of successive powersets. A reference for this is (7). Now, we
define V as a set of symbols which bijects onto W F(0). As-
sume that O, R are of cardinal size in V((), that is, there are
actually the size of a WF()) set. This implies that for any
set in WF (O U R) there will be an injection of its elements
into V. (2) gives a more detailed description of this as well.
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2. First level relations are triples
(r,v,(nl,n2))

with r € Ry, v € V and nl,n2 are 1-st level nodes.
Let Rq denote the set of all first-level directed rela-
tions. Given any such relation r, we can define the
source s(r) and target t(r) in the obvious way. Define

nodes(r) to be {s(r)} U {t(r)}.

JFrom this we can (re)define the first-level structures
as

S1={X C N URi|z € (X NR1) = nodes(z) C X}.
Now we can continue the inductive procedure.

1. Inductive definition gives i-th level nodes as

(s,0)

where s € S;_1 and v € V. The set of such nodes is
denoted N;, and write N for U;<, .

2. Similarly, directed j-th level relations are
(r,v,(nl,n2))

for r € R;, v € V, where nl,n2 are jth-level nodes.
The set of such relations is denoted R;, and write R
for UignRi~

Thus can we (re)define S; as the set of formal set-
theoretic graphs, in analogy to S, as

S;i ={X CN;UR;|z € (X NR;) = nodes(z) C X}.

For any structure x € Ji, we will use the notation x
to denote its description in terms of the particular set-
theoretic model given here.

With this definition of structure, we can define a
canonical “sum” on the space of structures, @ by set-
ting

EB(‘L y) =xUy
and writing @ y. The crucial thing about this operator
is that it depends ontoken identities: under @, two parts
with the same token and type are identified as the same
part in the sum. In other words, & uses token values as
a way to “keep track” of the same part from structure
to structure.

In addition to supporting a general canonical com-
mutative structural sum, the type/token formulation of
structures also supports a definition of structural type.
Given a structure z € Ji, we can intuitively define its
type as the set of structures that are identical except

We add the condition that X have cardinal size in
WF(O U R), for technical reasons explained in (2).
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for token labels, retaining all of the same relevant types
of nodes and relationships between those nodes. More
formally, let Bij(V) be the set of bijections on V. Then
define the type of x as the equivalence class

[z] = {y € Jk|3b € Bij(V)|y = b[z]}

where b[z] denotes the standard action of b on « in which
every instance of some given v in x is replaced with b(v).°

Dynamics

So far, we have addressed static structures alone. Now,
we will briefly address the concept of dynamics in the
SOT framework. Intuitively, dynamics on any set A are
elements in End(A). The basic idea of SOT dynamics is
to take A C Ji, and to think about dynamics as update
functions that act on structures to produce new struc-
tures. That is, the space of possible single-step discrete
dynamic rules is

Definition 4

Dy ={f:Jy — Ji}

This represents update functions because the inputs are
single structures.

For the sake of regularity, SOT demands that op-
erators satisfy a reasonable type-invariance condition,
namely that if y = b[z], for some b € Bij(V), that there
is a b’ € Bij(V) such that

Ve =ble

and
flx) =V (f(x)).

In other words, the ordered pair (z,f(z)) is type-
equivalent to (y, f(y)) whenever z is type-equivalent to
Y.
This is the definition of dynamics that we will use in
the rest of paper.” In the next section, we will show that
this definition supports a rich concept of agent-based
rules.

Since operators act on states of the world to give new
states of the world, they can be composed to generate
sequences of structures. This is formalized by the fol-
lowing definition.

Definition 5 N-processes are finite tuples
(< (84, ti) >1<i<N—1,5N)
such that s; € Ji, and t; are operators such that for
1<i< N -1,
Sit1 = ti(si).
5 A more sophisticated idea of structural types is presented
in (2).

“A more sophisticated picture of dynamical operators is
given in (2).
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A process is, in other words, a dual history of struc-
tures and the dynamics that produce those structures in
time-sequence.

Translation

One of the central aspects of studying complex systems
is to understand how a structure at one level manifests
at other levels. A classic problem, for example, is that of
understanding how an ensemble of molecules can be a set
of discrete organisms made up of those molecules, and
to characterize the map from the lower level description
to the higher. That is the study of level-translation.
A translation operator is a function from

Si—>S]‘

where i # j.

Up-translation denotes the situation when ¢ < j.
Down-translation is the case j < i. An example of an
up-translation is coarse-graining.

Example 1 Consider the real numbers R with the stan-
dard metric d, represented as a 1-st level SOT structure.
For example, we can take R as a linear graph labeled from
a set O with R-many elements, and with Ry as simple <
relation. Defining second order relations Ry = {<} the
same as the first, we can then let

Upd(l7 €7p)

be the up-translation which breaks the real line up into
half-open intervals of length € going through a chosen
zero point p € O, and with < respecting the ordering
from the 1-st order structure.

In , T will explore some up-translation operators to
define ant colonies in terms of constituent ant agents.
For more examples of up and down tranlsation, see (2).

A Two Level Example

The purpose of this section is to use the framework of
the previous section to define a simple example of a two-
level agent-based dynamical system, and then explore
several kinds of translation operators that relate the two
levels. This two level system is analagous to a colony
of social insects (such as Harvester Ants), in which the
basic agents at the first level are the individual insects,
and the second level objects are the colonies. A more
detailed analogy of this kind is worked out in chapter
two of (2).

Level 1 Agent System

The first task is to define the universe of possible level 1
structures by picking O and R;. The basic representa-
tion idea is to have terrain in the form of a 2-d lattice,
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ants themselves living on the terrain, and other unspeci-
fied, non-motile objects (such as food particles or chem-
ical markers) also on the ground. That is, let

O={g,a}UE

where ¢,a stand for ground and ant respectively, and
E is the (possibly infinite) set of unspecified non-motile
objects (such as food particles or pheromones). Let

Ry ={l,r,u,d,Q}

where [, r,u,d are the directionals left, right, up, down,
and @ specifies location in space for ant nodes and E
nodes.

We now further restrict the set S1(O, Ry) to reflect
better the general features of agent systems. Define S
as the subset of S1(O, Ry) with the properties that only
the ground nodes (that is, nodes with type label g) are
related by direction arrow, forming a 2-dimensional lat-
tice, and that other objects (such as agents) are uniquely
located at a ground node via the @ relation. The sym-
bols in O and R; gain relative meaning via these restric-
tions. The [, r,u,d become directionals because of the 2-
dimensional ground restriction, as does a really become
“at.”

To this more formally, define

ground : S1(0, Ry) — 51(0, Ry)

by

ground(xz) = mazye.{Vz € nodes(y), label(z) = g}.

This is the subgraph of x comprised of g nodes and
the directional relations between them, and the nodes of
ground(z) will be called ground nodes of x.

Now, let S be the subset of S1(O, Ry) with the follow-
ing properties:

1. Foundation: We say an = € S1(O, R;) is founded if
for all y € arrows(z), we have that I(y) € {l,r,u,d}
iff V z € nodes(y),1(z) = g. This is to say that only
ground labels are directionally related.

2. 2-dimensionality: = € S1(0O, R;) is 2-dimensional if

ground(z) is uniquely embeddable in the lattice Z?2. 8

3. Location uniqueness: z has location uniqueness iff

V z € nodes(z) such that I(z) # g,
Ay € arrows(z)|(I(y) = @) A (t(y) € ground(x)).

8In other words, each node with label g has at most four
arrow directed from it whose labels are directional, and at
most one of each type, such that the whole structre of such g
nodes with directional arrows is a subgraph of a two dimen-
sional integer lattice.
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In other words, each agent or other object is located at
one and only one place. With this condition in mind,
we can define a metric on ground(x) as the normal
Euclidean distance formula. We can thus define the
radius one sphere around a node z — call it r1(z) —
and the radius 1 ball, call it by (z2).

Now that we have defined a system with local agents
(namely the agents, with type a), we can define lo-
cal agent-based dynamics. The dynamics will be con-
structed from more basic agent tasks. We will only de-
fine sets of possible dynamics — in other words, the object
here is to encode restrictions on all possible dynamics,
not particular dynamical tasks.

If for structures =,y and operators f, g on z,y respec-
tively, then f @ g on z = x Uy is defined

f@gxUy) = f(z)Ug(y).

Also, if € z, then define the globalization
f(xa Z) = f(:l?) DPr Zdz\du

where

R =rel(z) \ rel(x).

The first step is to define local task-based dynamics
for individual agents, and then put them together via
the @ operation. So let Agents = {node z|l(z) = a}
and let A C Agents. Define R! = {l — balls in S}. Now
consider ¢ such that

t:(z,a)— Z
such that
1. a € Agents and z = by (a).
2. 0 # Z C R* such that Vy € Z, gr(z) = gr(y).
3. y,y € Ziff (z,y) = (x,y’) under bijections on V.
4. t is defined and invariant under bijection on V.

The first two conditions establish that the function ¢
is defined on pairs of the form

(agent, by (agent))

and that they do not change the local topography of the
ground. The second two conditions establish that the
tasks obey the token invariance conditions mentioned in
the previous section — in other words, the dynamics are
well-defined on types of structures, and not sensitive to
which particular tokens are used to represent these types.
Let the set of all such tasks ¢ be called T'. Some examples
of tasks that, for example, social insects often perform
are: moving in a fixed direction, depositing an element
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in F (such as a pheromone), picking up an element of E
(such as a food particle), and moving another ant while
remaining stationary. The section on ant dynamics in
chapter 2 of (2) gives a more detailed description of these
kinds of tasks.

Now that we have defined individual tasks, we will put
them together. Given an assignment o for each a € A
with o, € T, define

fiao) # Slowcay) = Slowaey)
by

fa0)(X) = (D oalbi(a),a)

acA
and call the set of such composite task-operators
OPAgents~
For f = fias) define f on X € S as the globalization

(as defined above)

J(X) =f4,0)(b1(A), X)

where b,.(x) means the r-ball region around * in the met-
ric defined above.”
Let

OPAnt = {f(A,a')}
where A and o range over all possible A C Agents and
all task assignments cofA.

Via the assignation functions o and the structural sum
@, we have been able to use the local agent structure of
ants to define a clean and precise way to turn locally
defined tasks into global update.!® The pair A; defined
by

(87 OPAgents)

represents a single level agent-based complex system
with locally generated rules. The purpose of the fol-
lowing section is to extend A; to the next level.

Level 2 Agent Systems

In this section, we will briefly explore several types of
up-translation operators

U:S8C Sl(O,Rl) — SQ(O,Rl).

That is, for each of the several up-translations U;, and
each structure x € S, the nodes of U;(z) will represent
the colonies of x, as defined according to a colony defini-
tion associated with the particular translation U;. The
different types of up-translation operators will be pre-
sented in order of increasingly complexity and biologi-
cal realism. The underlying purpose of this section is
to demonstrate the power of SOT in easily construct-
ing rich and biologically interesting structures that were
heretofore ill-defined.

9Since all tasks t preserve ground structure, it is immedi-
ate that all these f also preserve the ground structures.

0This can be made into a general theory of agent-based
interaction along lines suggested in chapter 1 of (2).
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Simple Regions The first, and most obvious, type of
translation operator for defining ant colonies is a simple
spatial “regioning” operator. This operator breaks up
the ground lattice into regions, and assigns the region’s
contents to a collective “colony.”

More formally, given a ground lattice X, let Reg(X)
be the set of sets of non-intersection regions in X.
That is,

Reg(X)={Y Css(X)|Vy £ z€Y,ynz=0}.
Now define
Regy = {(X,Y)|X € S1(O,R1,Y € Reg(gr(X))}.

Then the class of spatial regionation operators is given
by
Ui : Regi — S2(0, R11)

with U1 (X,Y") define as the structure with one node la-
belled by X|, for each z € Y.

Each of the nodes represents a region. A regioning
scheme is a function

Reg : S1 — Regy

such that f(X) € Reg(X). All traditional spatial clus-
tering algorithms are of this type.

This definition of up translation does not accord with
most biological intuition about colonies. Among diffi-
culties with this approach are that it forces ants to be
located at specific places in the physical structure of the
colony. This is not particularly natural since ants move
around, and are not generally associated with particu-
lar physical location. There is very little dynamical and
functionality information in this approach.

Floating Bugs To remedy one of the problems with
the previous candidate definition, the next kind of trans-
lation operator considers ants separately from their mo-
mentary physical location within a given region, and in-
stead assigns them to an abstract space attached to that
region. More formally, let

Us : Regi — S2(0, Ry)

be defined by letting Uz(X,Y") be the structure with a
node labelled by the S; structure

(X1, \ Agents(X|.)) U Agents(X|.)

for each z € Y.

In this setup, the insect agents “float” above the
physical structure colony in an undefined nonphysical
space. This kind of up-translation conceives of colonies
as having two parts: a physical "nest” (represented by

1 Reg stands for regions.
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(X, \ Agents(X|,))), and an ant-agent population (rep-
resented by Agents(X|,)) whose members are not spe-
cially associated with particular spots in the nest. This
solves one difficulty with the previous definition that it
unnaturally identifies an ant with a given physical loca-
tion. However, it has two problems. The first is that
the physical structure term (X|, \ Agents(X]|.)) auto-
matically includes particles that have no particular per-
manent association with the colony, and do not really
make up its structural core. The second problem is that
the agent term defines a colony’s agents to be those that
happen at the given moment to be within its physical
borders. However, insects often leave and re-enter the
confines or their nest, and insects from one colony some-
times invade the space of another colony. This operator
would not really allow for that possibility to be explicitly
encoded.

Long Term Structures To remedy these difficulties
with Us, we will define a translation that relates overall
dynamic physical behavior of a structure to its colony
assignation. In particular, we can define up-translation
that identifies a colony’s parts by their long-term assoca-
tion with a given region and its agents by their regular
time assocation. To that end, it will be necessary to
translate time series rather than single timesteps.

More formally, let ¥ be the set of pairs (H, B) for
H a history with all elements having the same ground
structure X. Let B = (Y, Z, ¢), where Y € Reg(X), Z
is a partition of Ant(H) and ¢ : ¥ — Z is a bijection.
Now let

Us : U — Hist(Ss)

where Hy = U(H, (Y, Z,$)) is the history where H$ has
one node for each y € Y labelled by

Z; = (ﬂ(H]|y \ Agents(H’|,))) U (¢(y) N H")

such that a € ¢(y) implies a € H|, for some percentage
(say more than 75%) of the time.

In less formal terms, the two terms in the equation
for Z; represent, as for Us, the physical structure of the
colony and its insect-agent population. However the dif-
ference is that the physical term,

Py(((H?|,y \ Agents(H7],)))

J

contains only those elements particles that are a perma-
nent part of the colony during given history H, and the
agent term

Agents, = ¢(y) N H

contains only insects that are generally physically asso-
ciated with the colony.
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The above definition defines colonies as a function of
the region-scheme Y of X, and makes the assumption
that all the insects a € Agents(X) are assigned to some
colony. This assumption is not guaranteed, however,
and may in fact not hold for some given arbitrary re-
gion scheme Y. This suggests that we use the condition
that

Agents(X") = | (o(y) N H')

yey

for all 7 as a test for the appropriacy of the region-scheme
Y. We can tune the algorithm that creates the region Y’
so that the condition above holds. In other words, the
obvious condition that all ants should belong to one and
only one colony, call it agent coverage, can be used to
back out the appropriate physical structure.

Another relevant condition is that the colony y should
be irreducible with respect to this regioning scheme. In
other words, y should possess no substructures y; and
y2 which would also be colonies under Us.

The general picture of what happens here, namely
that a clear condition is used to tune complex param-
eter (such as a regioning scheme) for an up-translation,
is a standard technique for SOT.!?

Colony as Functional Unit One real strength of
SOT for defining second-level objects like colonies is to
create them in terms of the constituent agents’ collective
dynamical capabilities. For example, let for each n € N
and € € [0,1], let ¢, () be the 1-st order condition de-
fined to be true iff

1. xis anode generated by Us as above acting on X € 5.

2. There is an allowed task t and an n-process P made
up of operators of the form f(agents(z),) (as in the
previous section) such that

U WUbiler(a, P, PY)

a€Agents(z) i=1

covers 100 x e percent of the colony’s ground
gr(z, X).P?

We then let
U4 : Sl I SQ

be defined by letting U,(X) be the structure with one
node y labelled by z for each z € X such that ¢(x) is
true.

In a colony x defined by U,, the agent population
has the ability to search a certain percentage of its con-
stituent physical territory in a given amount of time. In

12See 3.1 of (2) for more on this technique.
Y3Where gr(z, X) denotes the set of ground nodes of = €
Xes.
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other words, U defines colonies based on a collective
dynamic capability. Furthermore, we can tune the re-
gion scheme Y as above so that some relevant conditions,
such as irreducibility and agent coverage, are achieved.
These several conditions may be strict enough that there
is a unique regioning scheme Y which satisfies them all.
And in general, given various conditions like ¢, interest-
ing definitions of colonies as functional units come via
the translations U,,. '*

Intracolony Recognition At the first level of de-
scription given by the static structures in S, there is
no structural distinction between agents from differ-
ent colonies.!> At the second level, defined by any of
the translations U;, constituent agents from different
colonies are structurally differentiated by virtue of which
colony they belong to. We can use this fact to con-
struct a simple and natural notion of colony-recognition
among agents. Recall in a previous section that the
tasks t that made up the elements of T took argu-
ments of the form (agent, local structure). Now con-
sider defining analagous tasks with inputs of the form
(agent with colony identity, local structure). This al-
lows the tasks to be a function of colony identity as well
as individual identity, and therefore to encode recogni-
tion.

To see this more formally, given an up-translation U
and a node p € X, we let the colon(ies) of p in X be

kx(p) = {n € nodes(U(X))|p € label(n)}.

Now define the set of functions Tioony of the form

t: (z®rx(x),a®rx(a))— Z
subject to conditions:
1. a € Agents and z = by (a).
2. ) #£ Z C Ry such that Vy € Z, gr(z) = gr(y).

These are the same as conditions 1) and 2) for individ-
ual agent tasks, except now applied separately to level
1 and level 2 structures. Since these t are functions of
colony identity as well as agent identity, the tasks thus
defined will be different from colony to colony, and can
differentiate between agents from different colonies. For
example, a given task can be defined so that an agent
adopts one set of behaviors in the presence of an agent
from its own colony and an agent from another colony.
Suppose now that conditions analagous to 3 and 4 for
the individual-agent tasks are also imposed. That is,
the task satisfies type-invariance under token-change

147t will be the work of future papers to establish such tun-
ing results and develop the structure of collective functional
units.

15We have not, for example, explicitly defined the insect
agents with colony-marking pheromones.
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1. y,v' € Z iff (z,y) = (x,y’) under the action of bijec-
tions on V.

2. t is defined and invariant under the action action of
bijections on V.

In this case, tasks allow agents to distinguish
onlybetween their own colony type and the set of all
other colony types. That is, an agent a in colony =z
cannot distinguish the agents of colony y from those of
colony z unless it happens that y = z or z = z.'® Denote
these mutual colony operators by T77,. Future work will
address the functional limitations of 17, with respect to
the general operators T,,;.

Finally, defining the dynamics OPFcony from the
colony tasks in analogy to the level-1 dynamics, the pair

-AlQ = (UL(S)7 OPcolony)

represents the second level of the hierarchical agent sys-
tem defined via the up-translation U;. A relevant ques-
tion for future work is to determine which operators de-
fined at the second level can be “easily” or “canonically”
constructed from elements of OFgent-
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